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Let Y  Pn be a cubic hypersurface deﬁned over GFðqÞ. Here, we study the Finite
Field Nullstellensatz of order ½q=3 for the set Y ðqÞ of its GFðqÞ-points, the existence
of linear subspaces of PGðn; qÞ contained in Y ðqÞ and the possibility to join any two
points of Y ðqÞ by the union of two lines of PGðn; qÞ entirely contained in Y ðqÞ. We
also study the existence of linear subspaces deﬁned over GFðqÞ for the intersection of
Y with s quadrics and for quartic hypersurfaces. # 2002 Elsevier Science (USA)
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ﬁnite projective space.1. INTRODUCTION
Let p be a prime integer and q a power of p. Let K be the algebraic closure
of GFðpÞ. Fix a subset X of a ﬁnite n-dimensional projective space PGðn; qÞ
with X=1. X is a linear space if and only if for all P ;Q 2 X there is a line
D  X . with fP ;Qg  D. We will say that X is connected by lines in at most t
steps if for all P ;Q 2 X there are lines Di; 1
 i
 t, with Di  X for every
i; P 2 D1, Q 2 Dt and Dj \ Djþ1=1 for every j with 1
 j
 t  1. We will
say that X is connected by lines if there is an integer t 1 such that X is
connected by lines in at most t steps. For any projective scheme X  Pn
deﬁned over GFðqÞ let X ðKÞ (resp. X ðqÞ) be the set of its K-points
(resp. GFðqÞ-points). Hence X ðKÞ  PnðKÞ; X ðqÞ  PGðn; qÞ and X ðqÞ ¼
X ðKÞ \ PGðn; qÞ. In Section 2, we will study linear subspaces deﬁned over
GFðqÞ and contained in a geometrically irreducible cubic hypersurface Y 
Pn deﬁned over GFðqÞ. In Section 2 we will prove that for every integer
t 1 and every geometrically irreducible cubic hypersurface Y  Pn; n4t,554
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CUBIC QUARTIC HYPERSURFACES 555deﬁned over GFðqÞ and any ﬂag V0  V1      Vt1  Y of linear spaces
with dimðViÞ ¼ i and Vi deﬁned over GFðqÞ, there is a t-dimensional linear
space Vt deﬁned over GFðqÞ and with Vt1  Vt  Y .
Theorem 1.1. Fix an integer t 1. Let Y be a geometrically irreducible
cubic hypersurface of Pn; n 2t þ 6. For every ðt  1Þ-dimensional linear
space D Y with D defined over GFðqÞ there is a t-dimensional linear space
M defined over GFðqÞ with D M  Y .
In Section 3, we consider an arbitrary intersection of a cubic hypersurface
and some quadric hypersurfaces and prove the following result.
Theorem 1.2. Fix an integer s 0. Let X  Pn be the intersection of a
cubic hypersurface defined over GFðqÞ and s quadric hypersurfaces defined
over GFðqÞ. If n 3þ 2s, then X ðqÞ=1. If n 7þ 3s, then for every P 2
X ðqÞ there is a line D defined over GFðqÞ and with P 2 D X . If n 13þ 6s,
then X ðqÞ is connected by lines in two steps.
In the setup of Theorem 1.2, if s > 0 the scheme X may be quite bad and
have irreducible components of different dimension.
In Section 4, we will prove the connectedness by lines in at most two steps
for the geometrically irreducible quartic hypersurfaces of Pn; n 10,
deﬁned over GFðqÞ.
Fix a projective scheme X  Pn deﬁned over GFðqÞ and a positive integer
k. We will say that the pair ðX ;X ðqÞÞ satisﬁes the Finite Field Nullstellensatz
of order k (or that it satisﬁes FFNðkÞ) if every homogeneous degree k
polynomial g 2 GFðqÞ½z0; . . . ; zn vanishing at each point of X ðqÞ, vanishes at
each point of X ðKÞ. It is easy to check that FFNðkÞ implies FFNðtÞ for every
t5k. There are non-zero homogeneous polynomials h 2 GFðqÞ½z0; . . . ; zn
with degðhÞ ¼ qþ 1 and f vanishing at each point of PGðn; qÞ; take for
instance the polynomial zq0z1  z0z
q
1. Thus only in very particular cases a pair
ðX ;X ðqÞÞ satisﬁes FFNðqþ 1Þ. In Section 5, we prove several results
concerning FFNðkÞ for a pair ðY ; Y ðqÞÞ with Y cubic hypersurface deﬁned
over GFðqÞ. The main result of Section 5 is the following theorem.
Theorem 1.3. Let Y  Pn; n 4, be a geometrically irreducible cubic
hypersurface defined over GFðqÞ. If p=3 assume q 2n þ 2. If p ¼ 3 assume
q 3:2n1 þ 2. Assume that Y ðKÞ has at most finitely many singular points.
Then the pair ðY ; Y ðqÞÞ satisfies FFNð½q=3Þ.
2. CONNECTEDNESS BY LINES OF CUBICS
Let X  Pn be a k-dimensional variety and P 2 Xreg, i.e. let P be a smooth
point of X . Let TPX  Pn be the projective tangent space of X at P . Hence,
BALLICO556TPX is a k-dimensional linear subspace of Pn. If X is deﬁned over GFðqÞ and
P 2 X ðqÞ, then TPX is deﬁned over GFðqÞ and TPX ðqÞ  PGðn; qÞ is the
corresponding linear subspace.
(2.1) Let f 2 GFðqÞ½z0; . . . ; zn be a homogeneous polynomial with
f=0. Assume that f has no multiple factor and call Y ¼ ff ¼ 0g  Pn the
associated hypersurface, and Y ðqÞ  PGðn; qÞ; Y ðKÞ  PnðKÞ the corre-
sponding sets. For any P ¼ ða0; . . . ; anÞ 2 PnðKÞ let Polðf ; P Þ :¼
P
0
i
nai@f=
@zi be the polar equation of f with respect to P . Hence either Polðf ; P Þ  0
or Polðf ; P Þ is a non-zero polynomial with degðPolðf ; P ÞÞ ¼ degðf Þ  1. In
the latter case the hypersurface fPolðf ; P Þ ¼ 0g is called the polar
hypersurface of Y with respect to P . In the former case by abuse of
language we will call Pn the polar hypersurface of Y with respect to P .
If P 2 PGðn; qÞ, then Polðf ; P Þ 2 GFðqÞ½z0; . . . ; zn. For more details on
polar hypersurfaces in arbitrary characteristic and a discussion of the
classical literature on polar hypersurfaces, see the introduction of Hefez and
Kakuta [5]. We have Yreg \ fPolðf ; P Þ ¼ 0g ¼ fQ 2 Yreg: P 2 TQY g. We have
SingðY Þ  fPolðf ; P Þ ¼ 0g for every P 2 Pn. From now on we assume
degðf Þ ¼ 3. Assume P 2 Yreg and take Q 2 Yreg \ fPolðf ; P Þ ¼ 0g \ TPY with
Q=P . The line hP ;Qi spanned by fP ;Qg has intersection multiplicity at
least two with Y at P (resp. Q) because Q 2 TP X (resp. P 2 TQY ). Since P=Q
and 2þ 2 > 3 ¼ degðf Þ, we have hP ;Qi  Y . Note that if fP ;Qg  Y ðqÞ,
then the line hP ;Qi is deﬁned over GFðqÞ. Hence we have hP ;QiðqÞ  Y ðqÞ
and cardðhP ;QiðKÞ \ Y ðqÞÞ ¼ qþ 1. Set SðY ; P Þ :¼ Y \ fPolðf ; P Þ ¼
0g \ TPY . Every irreducible component of SðY ; P Þ has dimension at least
n 3. For any P 2 Pn we have SingðY Þ  SðY ; P Þ. SðY ; P Þ is deﬁned inside
TPY by a homogeneous equation of degree 2 and a homogeneous equation
of degree 3. If n 6 we have SðY ; P ÞðqÞ=1 [11, Theorem 3.1]. If n 7 take
any hyperplane H of Pn deﬁned over GFðqÞ and with P =2 H ; by Small [11,
Theorem 3.1], we have ðSðY ; P Þ \ H ÞðqÞ=1; in particular if n 7 there is
Q 2 SðY ; P Þ with Q=P .
We recall that a homogeneous polynomial g 2 GFðqÞ½z0; . . . ; zn is said to
be geometrically irreducible if it is irreducible as an element of K½z0; . . . ; zn.
The same terminology applies to the hypersurface fg ¼ 0g of Pn.
Proposition 2.2. Let Y  Pn be a geometrically irreducible cubic
hypersurface defined over GFðqÞ. Assume n 9. Then Y ðqÞ=1 and any
two points of Y ðqÞ may be connected by lines in at most two steps. In
particular, Y ðqÞ is connected by lines.
Proof. Call f 2 GFðqÞ½z0; . . . ; zn an equation of Y . Since degðY Þ ¼ 3 and
n 3, we have Y ðqÞ=1 by Chevalley–Warning theorem (see, e.g. [8,
Theorem 6.11] or [11, Theorem 3.1]). Fix P ; Q 2 Y ðqÞ with P=Q. First
assume fP ;Qg  SingðY Þ. Hence the restriction of f to the line hP ;Qi has a
zero with multiplicity of at least two both at P and at Q. Since degðf Þ ¼ 3,
CUBIC QUARTIC HYPERSURFACES 557f 0hP ;Qi  0. Thus hP ;QiðqÞ  Y ðqÞ. Now assume P 2 SingðY Þ and Q =2
SingðY Þ (the case P =2 SingðY Þ and Q 2 SingðY Þ being identical). Set S
ðY ;QÞ :¼ Y \ fPolðf ;QÞ ¼ 0g \ TQY ; SðY ;QÞ is deﬁned over GFðqÞ and
every irreducible component of SðY ;QÞ has dimension as at least n 3.
We have SingðY Þ  fPolðf ;QÞ ¼ 0g. Take a hyperplane H of Pn deﬁned as
over GFðqÞ and with fP ;Qg \ H ¼1. SðY ;QÞ \ Y is deﬁned inside TQY \
H to be as an equation of degrees 2 and 3. Hence if n 7 there is A 2
ðTQY \ SðY ;QÞÞ with A =2 fP ;Qg [8, Theorem 6.11] or [11, Theorem 3.1]. By
2.1 the lines hP ;Ai and hA;Qi are contained in Y . Since these lines are
deﬁned over GFðqÞ; P and Q are connected by lines inside Y ðqÞ. Now assume
P =2 SingðY Þ and Q =2 SingðY Þ. By 2. 1 as in the previous case it is sufﬁcient to
prove that SðY ; P ÞðqÞ \ SðY ;QÞðqÞ contains a point different from P and Q.
We have SðY ; P ÞðqÞ \ SðY ;QÞðqÞ ¼ ðSðY ; P Þ \ SðY ;QÞÞðqÞ. The linear space
TPY \ TQY has dimension n 2 if TPY=TQY , while it has dimension n 1 if
TPY ¼ TQY . The algebraic scheme SðY ; P Þ \ SðY ;QÞ is deﬁned in TPY \ TQY
by a degree 3 equation (the restriction of f to TPY \ TQY Þ and two degree 2
equations. If n 1 7 we have ðSðY ; P Þ \ SðY ;QÞÞðqÞ=1 by Lidl and
Niederreiter [8, Theorem 6.11], or [11, Theorem 3.1]. Let H  Pn be a
hyperplane with P =2 H , Q =2 H and H deﬁned over GFðqÞ. If n 9 we have
ðSðY ; P Þ \ SðY ;QÞ \ H ÞðqÞ=1 Lidl and Niederreiter [8, Theorem 6.11], or
[11, Theorem 3.1], concluding the proof. &
Remark 2.3. Let Y  Pn be a geometrically irreducible cubic hypersur-
face deﬁned over GFðqÞ. The proof of 2.2 shows that if n 6 every point of
Y ðqÞ is contained in a line contained in Y and deﬁned over GFðqÞ.
Remark 2.4. Let X be a projective scheme deﬁned over GFðqÞ. Assume
that over K the scheme X has s irreducible components, say X1; . . . ;Xs, each
of them appearing with some multiplicity, say mi. There is an algebraic
extension GFðq0Þ of GFðqÞ such that X splits as the union of the Xi’s with the
same multiplicity. Let G be the Galois group of the extension GFðq0Þ=GFðqÞ.
The group G acts on the set fX1; . . . ;Xsg as a permutation group and for any
Xi and any g 2 G;Xi and gðXiÞ appear in the decomposition of X over GFðq0Þ
(i.e. over K) with the same multiplicity, dimðXiÞ ¼ dimðgðXiÞÞ and
degðXiÞ ¼ degðgðXiÞÞ. Since GFðqÞ is perfect, Xi is deﬁned over GFðqÞ if
and only if gðXiÞ ¼ Xi for every g 2 G. More generally, for any integer t

s;
S
1
i
t Xi is deﬁned over GFðqÞ if and only if gð
S
1
i
t XiÞ ¼
S
1
i
t Xi
for every g 2 G. In particular Xred ¼ Xi
S
  
S
Xs is deﬁned over GFðqÞ.
Remark 2.5. Let X be a reduced projective scheme deﬁned over GFðqÞ.
Since GFðqÞ is perfect, the singular locus SingðX Þ of X is deﬁned over
GFðqÞ.
Now we extend Proposition 2.2 and Remark 2.3 to the case of
geometrically reducible cubic surfaces.
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hypersurface defined over GFðqÞ. If n 3 then Y ðqÞ=1. If n 4, then
every point of Y ðqÞ is contained in a line contained in Y and defined over
GFðqÞ. If n 6 then any two points of Y ðqÞ may be connected by lines in at
most two steps. In particular, if n 6 then Y ðqÞ is connected by lines.
Proof. If n 3 we have Y ðqÞ=1 by Lidl and Niederreiter [8, Theorem
6.11] or [11, Theorem 3.1]. Call f 2 GFðqÞ½z0; . . . ; zn an equation of Y . If
f  0, then Y ðqÞ ¼ GFðqÞ and everything is trivial. Assume f=0. Over K
the polynomial f is a product of lower order forms. Since degðf Þ ¼ 3, the
polynomial f has at most one irreducible factor of degree two deﬁned over
K. However, by Remark 2.4, if there is such a factor, then it is deﬁned over
GFðqÞ and the other factor has degree one and it is deﬁned over GFðqÞ.
Hence one of the following cases must occur:
(i) Y ¼ A[ H with A quadric hypersurface, H hyperplane and both A
and H deﬁned over GFðqÞ;
(ii) Y is the union of ﬁnitely many (at most three) hyperplanes deﬁned
over GFðqÞ;
(iii) Y is the union of three hyperplanes not deﬁned over GFðqÞ;
(iv) Y is the union of one hyperplane deﬁned over GFðqÞ and two
hyperplanes not deﬁned over GFðqÞ;
(v) Y is the union of two hyperplanes deﬁned over GFðqÞ.
In cases ðiiÞ; . . . ; ðvÞ Y ðqÞ is always a linear space or it is empty; if n 3,
Y ðqÞ=1 in each of these cases. Hence it is sufﬁcient to analyze case (i). For
any P 2 SingðAÞ, set CðA; P Þ :¼ A. For any smooth point P of A, let TPA be
the tangent hyperplane to A at P ; set CðA; P Þ :¼ A\ TPA. Note that if
P 2 AðqÞ, then CðA; P Þ is deﬁned over GFðqÞ and it is a quadric cone of
dimension n 1 (case P 2 SingðAÞ) or dimension n 2 (case P 2 Areg) with P
contained in its vertex. Take P ;Q 2 Y ðqÞ with P=Q. If fP ;Qg  H , then the
result is obvious. If P 2 AðqÞ and Q =2 A, then it is sufﬁcient to show that
ðCðA; P Þ \ H ÞðqÞ=1. This is true because CðA; P Þ \ H is deﬁned by a
quadratic equation in a projective space of dimension at most n 2. Now
assume fP ;Qg  A.
Since CðA; P Þ (resp. CðA;QÞ) is a cone with vertex P (resp. Q), it is
sufﬁcient to show that ðCðA; P Þ \ CðA;QÞÞðqÞ=1. This is true because C
ðA; P Þ \ CðA;QÞ is the subscheme of a projective space of dimension at least
n 2 deﬁned by two quadratic equations with coefﬁcients in GFðqÞ
[8, Theorem 6.11], or [11, Theorem 3.1]. &
Example 2.7. Here for any n 2 and any q we will give an example of
a geometrically reduced but geometrically reducible cubic hypersurface Y 
Pn deﬁned over GFðqÞ and such that Y ðqÞ does not span Pn, i.e., the pair
ðY ; Y ðqÞÞ has not Property FFNð1Þ. Let Gﬃ Z=3Z be the Galois group of
the extension GFðq3Þ=GFðqÞ and call g one of the generators of G. Take any
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H [ gðH Þ [ g2ðH Þ. Hence Y is deﬁned over GFðqÞ and over GFðq3Þ it splits
into the union of 3 different hyperplanes. Set V :¼ H \ gðH Þ \ g2ðH Þ. Hence
n 3
 dimðV Þ 
 n 2. We have Y ðqÞ ¼ V ðqÞ and hence Y ðqÞ spans V=Pn.
Proof of Theorem 1.1. The case t ¼ 1 is true by Remark 2.3. Now we
consider the case t ¼ 2. Take 3 different points, say P ; P 0 and P 00, of DðqÞ and
set U :¼ TPY \ TP 0Y \ TP 00Y . Hence U is a linear subspace of Pn deﬁned over
GFðqÞ and with dimðU Þ  n 3. If U is contained in Y , we are done. Hence,
we may assume Y \ U=U . Hence Y \ U is a cubic hypersurface (perhaps
reducible and even with a multiple component) of U . We claim that U is
contained in TQY for every Q 2 D, i.e. that D is contained in the singular
locus SingðY \ U Þ of U . By construction fP ; P 0; P 00g  SingðY \ U Þ. Since
degðY \ U Þ ¼ 3 and any degree 3 plane curve containing 3 collinear singular
point has a double (or triple) line containing these 3 points as a components,
we have D  SingðY Þ, proving the claim. Take a codimension 2 linear
subspace W of U deﬁned over GFðqÞ and with D\ W=1. The subscheme
SðY ; P Þ \ Y \ W of W is deﬁned by a cubic equation and a quadratic
equation, all of them with coefﬁcients in GFðqÞ. Since dimðW Þ  n 4 5,
we have ðSðY ; P Þ \ Y \ W ÞðqÞ=1. Fix any Q 2 ðSðY ; P Þ \ Y \ W ÞðqÞ and let
M be the plane generated by D and Q; M is a plane because Q 2 W and
W \ D ¼1. M is deﬁned over GFðqÞ. In order to obtain a contradiction we
assume M not contained in Y . Hence M \ Y is a degree 3 plane curve which
has D with multiplicity of at least two and which is singular at a point Q =2 D;
here we use W \ D=1. There is no such plane curve and hence 1.1 is true
for t ¼ 2. Now assume t 3. Set Vt1 :¼ D and ﬁx a ﬂag V0  V1     
Vt1 of linear spaces with dimðViÞ ¼ i and Vi deﬁned over GFðqÞ. Set
fP0g :¼ V0, and take Pi 2 ViðqÞ; 1
 i
 t  1, such that Vi1 [ fPig spans Pi.
Take P 0 2 V1ðqÞ\P0; P1g. Set U :¼ TP0Y \    \ TPt1Y \ TP 0Y . Hence U is a
linear subspace of Pn deﬁned over GFðqÞ and with dimðU Þ  n t  1.
Inductively, we see that for any linear space N with dimðN Þ ¼ t and
Vt1  N  U , either U is contained in Y or the cubic hypersurface U \ Y
contains Vt1 with multiplicity of at least two. Take a linear subspace W of U
with dimðW Þ ¼ dimðU Þ  t, W deﬁned over GFðqÞ and with W \ Vt1=1.
Since n 2t  1 5, there is Q 2 ðSðY ; P0Þ \ Y \ W ÞðqÞ. As in the case t ¼ 2
we see that the linear space M generated by Vt1 and Q is contained in Y ,
proving the theorem for the integer t.
3. PROOF OF THEOREM 1.2
In this section we prove Theorem 1.2.
Proof of Theorem 1.2. The case s ¼ 0 is just Proposition 2.2 and Remark
2.3. Now we will do the case s ¼ 1. If n 5 we have X ðqÞ=1 by Lidl and
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GFðqÞ½z0; . . . ; zn of a quadric hypersurface A containing X and an equation
f 2 GFðqÞ½z0; . . . ; zn of a cubic hypersurface containing X . The quadric A is
uniquely determined by X , i.e., g is uniquely determined by X , up to a non-zero
multiplicative constant, but f is determined by X only up to a non-zero
multiplicative constant and the addition of a polynomial of the form hg with h
homogeneous degree one polynomial. For any P 2 Yreg (resp. P 2 Areg) let TPY
(resp. TPA) be its tangent hyperplane. For any P 2 SingðY Þ (resp. P 2 SingðAÞÞ
set TPY :¼ Pn (resp. TPA:¼Pn). For any P 2 X set TPX :¼ TPY \ TPA. If P 2
Y ðqÞ (resp. AðqÞ, resp. X ðqÞ), then TPY (resp. TPA, resp. TPX ) is deﬁned over
GFðqÞ. For any P 2 X set SðX ; P Þ :¼ X \ fPolðf ; P Þ ¼ 0g \ TPX . If P 2 X ðqÞ,
then the scheme SðX ; P Þ is deﬁned over GFðqÞ. SðX ; P Þ is a subscheme of the
projective space TPX deﬁned by at most two quadratic equations and one
cubic equation, all of them with coefﬁcients in GFðqÞ. We have
dimðTPX Þ  n 2. Hence if n 9 we have SðX ; P ÞðqÞ=1. Let H  Pn be
a hyperplane deﬁned over GFðqÞ and with P =2 H . If n 10 we have
ðSðX ; P Þ \ H ÞðqÞ=1. Hence SðX ; P ÞðqÞ=P if n 10. Fix R 2 SðX ; P Þ. The
line D :¼ hfP ;Rgi is contained in A because R 2 CðA; P Þ  A and CðA; P Þ is a
cone with vertex P . We have R 2 SðY ; P Þ  TPY and hence f jD has a zero at P
of order of at least two; R 2 fPolðf ; P Þ ¼ 0g implies P 2 TRY and hence f jD
has a zero at R of order of at least two. Thus D  Y . Since the line D is deﬁned
over GFðqÞ, we proved the second assertion of 1.2. Now take P ; Q 2 X ðqÞ
with P=Q. We have dimðTPX \ TQX Þ  n 4. SðX ; P Þ \ SðX ;QÞ is deﬁned
in the projective space TPX \ TQX by at most four quadratic equations and
two cubic equations, all of them with coefﬁcients in GFðqÞ. Hence if n 18
we have ðSðX ; P Þ \ SðX ;QÞÞðqÞ=1. Taking a hyperplane H deﬁned over GF
ðqÞ and with P =2 H and Q =2 H we see that if n 19 there R 2 ðSðX ; P Þ \ S
ðX ;QÞÞðqÞ ¼ SðX ; P ÞðqÞ \ SðX ;QÞðqÞ with R=P and Q. We just proved that
the lines hfP ;Rgi and hfQ;Rgi are contained in Y . Since these lines are
deﬁned over GFðqÞ we obtain the last assertion. The case s 2 is very similar.
Call Ai; 1
 i
 s, the s quadrics such that X ¼ Y \ A1 \    \ As. For
any P 2 X we have TPX ¼ TPY \ TPA1 \    \ TPAs and hence dimðTPX Þ 
n 1 s and dimðTPX \ TQX Þ  n 2 2s. Set SðX ; P Þ :¼ X\
fPolðf ; P Þ ¼ 0g \ TPX . SðX ; P Þ \ SðX ;QÞ is deﬁned in the projective space
TPX \ TQX by at most 2þ 2s quadratic equations and two cubic equations,
all of them with coefﬁcients in GFðqÞ. Hence if n 2 2s 11þ 4s, we may
apply [8, Theorem 6.11] or [11, Theorem 3.11], and the trick with the hyper-
plane H and conclude for any positive integer s.
4. LINES IN QUARTIC HYPERSURFACES
In this section, we will prove the existence of a covering family of lines
deﬁned over GFðqÞ on any geometrically irreducible quartic hypersurface
X  Pn; n 10, deﬁned over GFðqÞ.
CUBIC QUARTIC HYPERSURFACES 561Theorem 4.1. Let X  Pn; n 10, be a geometrically irreducible
quartic hypersurface defined over GFðqÞ. We have X ðqÞ=1 and for every
P 2 X ðqÞ there is a line D defined over GFðqÞ and with P 2 D X , i.e. every
point of X ðqÞ is contained in a line of PGðn; qÞ completely contained
in X ðqÞ.
Proof. By Chevalley–Warning theorem if n 4 we have X ðqÞ=1.
Call f 2 GFðqÞ½z0; . . . ; zn an equation of X . If p=2 let Hessðf Þ be the
Hessian matrix of f , i.e. the ðnþ 1Þ  ðnþ 1Þ symmetric matrix
ðhijÞ; 0
 i
 n; 0
 j
 n, with hij :¼ @2f=@zi@zj. If p ¼ 2 let Hessðf Þ
be the Hessian matrix of f obtained using the generalized Hasse derivatives
(see e.g. [5, Sect. 2]) instead of the usual partial derivatives, i.e. let Hessðf Þ be
the ðnþ 1Þ  ðnþ 1Þ symmetric matrix ðhijÞ; 0
 i
 n; 0
 j
 n, with
hij :¼ @2f=@zi@zj if i=j and hii ¼ @ð2Þf=@z
ð2Þ
i , where @
ð2Þ=@tð2Þ is the
differential operator of order two with @ð2Þ=@tð2Þðt2Þ ¼ 1; since p ¼ 2 the
usual operator @2=@t@t would give @2=@t@tðt2Þ ¼ 2 ¼ 0. Every entry hij of the
Hessian matrix Hessðf Þ of f is a homogeneous degree 2 polynomial with
coefﬁcients in GFðqÞ. We see Hessðf Þ as a matrix of homogeneous forms on
Pn and we evaluate it at each point of Pn. For each P 2 Pn we obtain in this
way a symmetric ðnþ 1Þ  ðnþ 1Þ matrix Hessðf ÞðP Þ uniquely determined
by X and P up to a non-zero multiplicative constant. Fix P 2 X ðqÞ and a line
D with P 2 D Pn. If P is a smooth point of X the tangent space TPX is a
hyperplane of Pn. If X is singular at P set TPX :¼ Pn. If D TPX , then f jD
has at P a zero of order of at least two, while if TPX does not contain D, then
f jD has at P a simple zero. The line D is uniquely determined by the choice
of any Q 2 ðD fPgÞ. Assume D TPX and call ða0; . . . ; anÞ the coordinates
of Q. See ða0; . . . ; anÞ as a row vector. The homogeneous polynomial f jD has
at P a zero of order of at least 3 if and only if ða0; . . . ;
anÞHessðf ÞðP Þ
tða0; . . . ; anÞ ¼ 0. Hence if Hessðf ÞðP Þ  0, then every line D
with P 2 D TPX has intersection multiplicity of at least 3 with X at P ; in
this case set HessðX ; P Þ :¼ Pn. If Hessðf ÞðP Þ=0 the set of all points Q ¼
ða0; . . . ; anÞ 2 TPX with Q=P and such that the line hfP ;Qgi has intersection
multiplicity of at least 3 with X at P is given by the solutions, Q, of a
quadratic homogeneous equation (call HessðX ; P Þ the associated quadric)
with Q=P . As in the proof of 2.2, set SðX ; P Þ :¼ X \ fPolðf ; P Þ ¼ 0g \ TPX .
Here degðPolðf ; P ÞÞ ¼ 3. Hence if n 1 4þ 3þ 2, then ðSðX ;
P Þ \HessðX ; P ÞÞðqÞ=1. Take any hyperplane H with H deﬁned over GFð
qÞ and P =2 H . If n 10, then ðSðX ; P Þ \HessðX ; P Þ \ H ÞðqÞ=1 and in
particular there is Q 2 SðX ; P Þ \HessðX ; P Þ with Q=P . The line D :¼
hfP ;Qgi has intersection multiplicity of at least 2 with X at Q (see the proof
of 2.2) and intersection multiplicity of at least 3 with X at P . Since
degðX Þ55, we have D X . By construction D is deﬁned over GFðqÞ and
hence the proof is complete. &
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In this section we prove Theorem 1.3 and a few other results on the Finite
Field Nullstellensatz of order k for certain cubic hypersurfaces. For the
arithmetic and geometry of cubic surfaces and related varieties, see [2, 3, 9]
and the references quoted in [9].
Lemma 5.1. Let F be a field, F its algebraic closure and h; f 2 F 
½x0; . . . ; xn homogeneous polynomial. Set k :¼ degðhÞ. Assume the existence of
k þ 1 codimension one linear subspaces A0; . . . ;Ak of Fðnþ1Þ with Ai=Aj for
i=j and such that for every i with 0
 i
 k hjAi is divisible by the restriction
to Ai of the equation of f . Then f divides h.
Proof. We use induction on k. The case k ¼ 0 is obvious. Assume
05k5s :¼ degðf Þ. If f jAi  0, then hjAi is divisible by the equation of Ai. If
f jAi=0, then the polynomial hjAi of degree k or identically zero is divisible
by a degree s polynomial f jAi. Hence h is divisible by the k þ 1 pairwise non-
proportional equations of the hyperplanes Ai; 0
 i
 k. Since F½x0; . . . ; xn
is UFD, we have h ¼ 0. Now assume k  s. If f jA0  0, then h is divisible
by the equation u of A0 and we conclude applying to h=u the inductive
assumption. Hence we may assume f jA0=0, i.e. degðf jA0Þ ¼ s. The F-vector
space E of all homogeneous polynomials of degree k divided by f has
dimension ðk  sþ nÞ!=ððk  sÞ!n!Þ ¼ ðk  sþ n 1Þ=ððk  sÞ! ðn 1Þ!Þþ
ðk  1þ s nÞ!=ððk  1 sÞ!n!Þ, while the F-vector space M of all homo-
geneous degree k polynomial functions on A0 which are multiples of f jA0
has dimension ðk  sþ n 1Þ!=ððk  sÞ!ðn 1Þ!Þ. It is sufﬁcient to show that
the F-vector space N of all homogeneous polynomials w, of degree k such
that wjAi is divisible by hjAi for every i has dimension at most
ðk  sþ nÞ!=ððk  sÞ!n!Þ. Hence, it is sufﬁcient to ﬁnd S  Fðnþ1Þ with card
ðSÞ ¼ ðk  sþ nÞ!=ððk  sÞ!n!Þ and such that every m 2 N with mðSÞ ¼ 0 is
identically zero. Fix a general S0  A0ðKÞ with cardðS0Þ ¼
ðk  sþ n 1Þ!=ððk  sÞ!ðn 1Þ!Þ. Since degðf jA0Þ ¼ s, the F-vector space B
of all homogeneous degree k polynomial functions on A0 which are multiples
of f jA0 has dimension ðk  sþ n 1Þ!=ððk  sÞ!ðn 1Þ!Þ. Since F is inﬁnite
and S0 is general, the evaluation map a : B! FðcardðS
0ÞÞ given by aðmÞ ¼
ðmðP ÞÞP2S0 is injective. Hence, the restriction map r :N ! B has image of
dimension at most ðk  sþ n 1Þ!=ððk  sÞ!ðn 1Þ!Þ. In a similar way using
the inductive assumption on k we see that dimðKerðrÞÞ 

ðk  1þ s nÞ!=ððk  1 sÞ!n!Þ, concluding the proof. &
Let Y  Pn be a cubic hypersurface. For any P 2 Yreg let TPY  Pn be the
hyperplane tangent to Y at P . For every P 2 SingðY Þ set TPY :¼ Pn. Hence if
P 2 Y ðqÞ, then TPY is deﬁned over GFðqÞ. Call f 2 GFðqÞ½z0; . . . ; zn an
equation of Y . Hence degðf Þ ¼ 3.
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D, contained in Y ðK). In this section we ﬁx an integer k 
 q and analyze
FFNðkÞ for the pair ðY \M ; ðY \MÞðqÞÞ. One of the following cases
ðaÞ; . . . ; ðgÞ occurs. In cases ðaÞ; . . . ; ðfÞ we assume that D is deﬁned over
GFðqÞ.
(a) M  Y . Since every projective space satisﬁes FFNðqÞ and k 
 n, in
this case we have f jMðKÞ  0.
(b) M \ Y ¼ D[ A with A a smooth conic. By Remark 2.4 A is deﬁned
over GFðqÞ. We have 1
 cardðDðKÞ \ AðKÞÞ 
 2, i.e. either D is tangent to
A or D is secant to A. Since A\ D ¼ SingðM \ Y Þ is deﬁned over GFðqÞ
(Remark 2.5) if D is tangent to A, then AðKÞ \ DðKÞ 2 PGðn; qÞ. If D is secant
to A either both points of D\ A are deﬁned over GFðqÞ or none of them is
deﬁned over GFðqÞ but both are deﬁned over GFðq2Þ. By the classiﬁcation of
plane conics over GFðqÞ (see. e.g. [6, 7.2] or [7, 22.1]), we have
cardðAðqÞÞ ¼ qþ 1. If 2k 
 qþ 1, we have f jAðKÞ  0 by Bezout theorem.
Hence f jðM \ Y ÞðKÞ  0 in this case.
(c) ðM \ Y Þred ¼ D[ A (as sets) with A line and either D or A appearing
with multiplicity of two. Since D is deﬁned over GFðqÞ, A is deﬁned over
GFðqÞ (Remark 2.4). Hence cardðAðqÞÞ ¼ qþ 1. Since degðAÞ ¼ 1 and k 
 q,
we have f jðM \ Y ÞðKÞ  0 in this case. However, this does not imply that
the hjM is divisible by the degree 3 equation of the plane curve M \ Y but
only by the degree 2 equation of D[ A.
(d) M \ Y ¼ D[ A1 [ A2 with A1 and A2 lines deﬁned over GFðqÞ.
Hence cardðAiðqÞÞ ¼ qþ 1; i ¼ 1; 2. Since degðAiÞ ¼ 1 and k 
 q, we have
f jðM \ Y ÞðKÞ  0 in this case.
(e) M \ Y ¼ D[ A1 [ A2 with A1 and A2 lines and A1 not deﬁned over
GFðqÞ. Hence A2 is not deﬁned over GFðqÞ. A1 [ A2 is deﬁned over GFðq2Þ.
By Remark 2.4 we have A1 \ A2 2 PGðn; qÞ. Either A1 \ A2 2 D, or cardðD\
ðA1 [ A2ÞÞ ¼ 2 and none of the two points of D\ ðA1 [ A2Þ is deﬁned over
GFðqÞ but both points are deﬁned over GFðq2Þ. If A1 \ A2 2 D, then the pair
ðM \ Y ; ðM \ Y ÞðqÞÞ does not satisfy FFNð1Þ. If A1 \ A2 =2 D, then the pair
ðM \ Y ; ðM \ Y ÞðqÞÞ satisﬁes FFNð1Þ but not FFNð2Þ.
(f) ðM \ Y Þred ¼ D (as sets), i.e. the degree 3 plane curve M \ Y is the
triple line of M supported by D. Since degðDÞ ¼ 1; cardðDðqÞÞ ¼ qþ 1 and
k 
 q, we have f jðM \ Y ÞðKÞ  0 in this case. However, this does not imply
that the hjM is divisible by the degree 3 equation of the plane curve M \ Y
but only by the degree one equation of D.
(g) Assume that M does not contain any line deﬁned over GFðqÞ and
that M \ Y splits over K as the union of 3 lines. Since the Galois group of
K=GFðqÞ is abelian, these 3 lines are deﬁned over a degree 3 Galois extension
of GFðqÞ and they are conjugate for the action of the corresponding Galois
group Gﬃ Z=3Z. These 3 lines have a common point and this point is the
unique point of ðM \ Y ÞðqÞ.
BALLICO564(5.3) Here, we take a plane N  Pn deﬁned over GFðqÞ and such that
N \ Y is a geometrically integral plane cubic. Projecting N \ Y onto a line
from its only singular point, P , we see that cardððN \ Y ÞðqÞ fPgÞ  q 1
and that the normalization of N \ Y is a smooth curve, E, of genus 0 deﬁned
over GFðqÞ and with EðqÞ=1. Hence cardðEðqÞÞ ¼ qþ 1 and three cases
may occur:
(i) N \ Y has a cusp at B and cardððN \ Y ÞðqÞÞ ¼ q;
(ii) N \ Y has a node at B and the two lines in the tangent cone of
N \ Y at B are not deﬁned over GFðqÞ; here we have cardððN\ Y ÞðqÞÞ ¼
qþ 2;
(iii) N \ Y has a node at B and the two lines in the tangent cone of
N \ Y at B are deﬁned over GFðqÞ; here we have cardððN \ Y ÞðqÞÞ ¼ q.
Hence cardððN \ Y ÞðqÞÞ  q. Since degðN \ Y Þ ¼ 3, we conclude by
Bezout theorem, except perhaps in subcase (iii) when p ¼ 3 and hence q=3
is an integer. However, since B 2 SingðN \ Y Þ, the hjN cannot vanish at B
and at other 3k  1 points N \ Y . Hence even in this case we obtain
FFNð½q=3Þ.
Proposition 5.4. Let Y  P3 be a geometrically smooth cubic surface
defined over GFðqÞ and k any integer with 3k5qþ 1 2q1=2. Then the pair
ðY ; Y ðqÞÞ satisfies FFNðkÞ.
Proof. Since 3 degðY Þ we have Y ðqÞ=1 [8, Theorem 6.11] or [11,
Theorem 3.1]. Fix a homogeneous degree k polynomial h deﬁned over
GFðqÞ. Fix P 2 Y ðqÞ. By assumption Y is smooth at P . There are q2 þ q
planes containing P , deﬁned over GFðqÞ and different from TPY . Fix any
such plane, M . Thus M \ Y is a cubic curve deﬁned over GFðqÞ and P is a
smooth point of M \ Y . If M \ Y is geometrically irreducible, then we
may apply 5.3 (case Y \M singular) or Hasse–Weil lower bound for
cardððY \MÞðqÞÞ and Bezout theorem (case Y \M smooth). We obtain
that hjM is divisible by the degree 3 equation of Y \M . Since there are at
least k þ 1 such planes, h is divisible by the equation of Y \M (Lemma 5.1).
Remark 5.5. Let Y  P3 be a geometrically irreducible cubic surface. If
there is P 2 SingðY ðKÞÞ with multiplicity of at least 3, then Y ðKÞ is a cone
with vertex P ([10] or [9, Lemma 1.1], or use Bezout to see that for every
Q 2 Y ðKÞ fPg the line hP ;Qi is contained in Y ðKÞ). If Y ðKÞ is not a cone and
SingðYðKÞÞ is ﬁnite and non-empty, then 1
 cardðSingðY ðKÞÞ 
 4 ([10] or
[9, Lemma 1.1], or, if p > 3 use [4, 8.4.7], as in the proof of Theorem 1.3). By
Bezout theorem every line of P3ðKÞ containing at least two points of
SingðY ðKÞÞ is contained in Y ðKÞ. No line of P3ðKÞ contains 3 or more
singular points of Y ðKÞ for the following reason; for any plane M though a
line D with cardðDðKÞ \ SingðY ðKÞÞ  3 the schemeM \ Y would contain D
with multiplicity of at least two, i.e., it would be tangent to Y ðKÞ at every
CUBIC QUARTIC HYPERSURFACES 565Q 2 DðKÞ SingðY ðKÞÞ, while each Q =2 Y ðKÞreg has a unique tangent plane. Let
M be a plane of P3ðKÞ; set c :¼ cardðSingðY ðKÞÞ \MðKÞÞ; since no 3 points
of SingðY ðKÞÞ \MðKÞÞ are colinear, the classiﬁcation of singular plane
cubics shows that c
 3. Assume q 5 and c ¼ 2; since GFðqÞ is perfect,
the set SingðY ðKÞÞ \MðKÞÞ is deﬁned over GFðqÞ (Remark 2.5). Thus the
line, D, joining the two singular point of Y ðKÞ is deﬁned over GFðqÞ; by the
part for a ﬁnite ﬁeld of the proof of Lemma 1.2 in [9], there is a plane N
deﬁned over GFðqÞ, containing D and with N \ Y ¼ D[ A with A smooth
conic and there is P 2 CðqÞ  Y ðqÞ not on any line of Y ðKÞ; we have
cardðY ðqÞÞ  cardðCðqÞÞ þ cardðDðqÞÞ  2 ¼ 2q. If SingðY ðKÞÞ is inﬁnite,
then SingðY ðKÞÞ is a line because a general plane section of Y ðKÞ is
geometrically irreducible and hence it has at most one singular
point.
For a full classiﬁcation over the complex number ﬁeld of all
complex irreducible cubic surfaces with inﬁnitely many singular points,
see [1, case E at page 252]. The same classiﬁcation works over the
algebraically closed ﬁeld K if p > 3. If Y is deﬁned over GFðqÞ, a similar
analysis may be done over GFðq2Þ because any degree 2 equation in one
variable over GFðqÞ has a root over GFðq2Þ. However, we do not need this
analysis and we do not know how to use it to prove results sharper than the
following one.
Proposition 5.6. Assume q 3. Let Y  P3 be a geometrically integral
cubic surface defined over GFðqÞ with SingðY ðKÞÞ infinite. Then the pair
ðY ; Y ðqÞÞ satisfies FFNð½q=2Þ.
Proof. By Remark 5.5 SingðY ðKÞÞ is a line, D. By Remark 2.5 D is
deﬁned over GFðqÞ. First assume that Y ðKÞ is a cone. The vertex of Y ðKÞ is
deﬁned over GFðqÞ (use 2.4, 2.5 and the uniqueness of the vertex) and Y is a
cone over a singular geometrically irreducible plane cubic. Hence the result
follows in this case from 5.3. Now assume that Y ðKÞ is not a cone, or,
equivalently, assume that every singular point of Y ðKÞ has multiplicity of
two. We have cardðDðqÞÞ ¼ qþ 1. Fix any P 2 DðqÞ. By Lemma 5.8 there are
at most 5 lines (apart from D) deﬁned over K, containing P and contained in
Y ðKÞ. There are q2 planes deﬁned over GFðqÞ, containing P but not
containing D. Each such plane intersects D only at P . By Lemma 5.8 at most
two of these planes contain a pair of lines deﬁned over GFðq2Þ and whose
union is deﬁned over GFðqÞ. For any line R with P 2 R Y ðKÞ there is at
most one such plane containing R with multiplicity of at least two. Since
ðqþ 1Þðq2  5Þ  ½q=2 þ 1, by 5.2 there are at least ½q=2 þ 1 planes M
deﬁned over GFðqÞ and such that ðY \M ; ðY \MÞðqÞÞ, satisﬁes FFNð½q=2Þ
and M \ Y has no multiple component. By Lemma 5.1 the pair ðY ; Y ðqÞÞ
satisﬁes FFNð½q=2Þ. &
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deﬁned over GFðqÞ with SingðY ðKÞÞ ﬁnite and not empty. Set
c :¼ cardðSingðY ðKÞÞÞ. Assume that Y ðKÞ is not a cone. By Remark 5.5
every singular point of Y is a double point. Assume that every double point
of Y ðKÞ is a rational double point. By Example 0.7.2 of Manin and
Tsfasman [9] and the two lines following Example 0.5 in [9], the
characteristic 0 classiﬁcation of lines on Y ðKÞ given in [1, p. 255], holds
true, and in particular Y ðKÞ contains at most 31 lines. However, as far as we
know it is not known in positive characteristic if every double point of a
geometrically irreducible cubic surface is a rational double point (see the
lines between 0.7 and 0.8 in [9]).
Lemma 5.8. Let Y  P3 be a geometrically integral cubic surface with
SingðY ðKÞÞ=1, but Y ðKÞ not a cone. For any P 2 SingðY ðKÞÞ there are at
most 6 lines, D, such that P 2 D Y ðKÞ.
Proof. Since Y ðKÞ is not a cone, P is a double point and the tangent cone
EðY ; P Þ  P3 to C at P is a quadric cone with vertex P . Every line D with
P 2 D Y ðKÞ is contained in EðY ; P ÞðKÞ. Since Y ðKÞ is irreducible, Y 
ðKÞ \ EðY ; P ÞðKÞ contains at most 6 lines [4, 8.4.6], concluding the
proof. &
Proposition 5.9. Assume q 7. Let Y  P3 be a geometrically integral
cubic surface defined over GFðqÞ, with SingðY ðKÞÞ \ Y ðqÞ=1, SingðY ðKÞÞ
finite but Y ðKÞ not a cone. Then the pair ðY ; Y ðqÞÞ satisfies FFNð½q=3Þ.
Proof. Fix P 2 SingðY ðKÞÞ \ Y ðqÞ. By the assumption on q we have
q2 þ qþ 1 6ðqþ 1Þ  ½q=3 þ 1. For every line, D, deﬁned over GFðqÞ
there are exactly qþ 1 planes, M , deﬁned over GFðqÞ and with D M . For
every line, R, deﬁned over a proper extension of GFðqÞ there is at most one
plane, M , deﬁned over GFðqÞ and with D M . Hence by Lemma 5.8 there
are at least ½q=3 þ 1 planesM deﬁned over GFðqÞ, with P 2 M and such that
no line of Y ðKÞ is contained in M . Thus we conclude by Lemma 5.1. &
Proposition 5.10. Assume q 21. Let Y  P3 be a geometrically
irreducible cubic surface defined over GFðqÞ and with cardðSingðY ðKÞÞ ¼ 2.
If q 16, then the pair ðY ; Y ðqÞÞ satisfies FFNð½q=3Þ. If q 23, then the pair
ðY ; Y ðqÞÞ satisfies FFNð½q=2Þ.
Proof. Let D be the line spanned by SingðY ðKÞÞ. By 2.5 D is deﬁned over
GFðqÞ. By Lemma 5.8 apart from D there are at most 10 lines contained in
Y ðKÞ and intersecting SingðY ðKÞÞ. There are qþ 1 planes containing D and
deﬁned over GFðqÞ. If q 21, there are at least ½q=2 þ 1 of these planes, M ,
with M \ Y ¼ D[ A with A smooth conic. By 2.4 A is deﬁned over GFðqÞ.
By part (b) of 5.2 the pair ðD[ A; ðD[ AÞðqÞÞ satisﬁes FFNð½q=2Þ. Hence
the result follows from Lemma 5.1. Now assume 16
 q
 20. At most one
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Hence, we obtain at least ½q=3 þ 1 planes M such that the cubic curve
Y \M has no multiple line and the pair ðY \M ; ðY \MÞðqÞÞ satisﬁes
FFNð½q=3Þ. &
Remark 5.11. Let Y  P3 be a geometrically irreducible cubic surface
deﬁned over GFðqÞ. Take a plane M deﬁned over GFðqÞ and such that
M \ Y contains a line. Hence we are in the setup of 5.2. In cases (g), (f) and
when (in case (e)) the line D contains A1 \ A2, there is a triple point and
hence Y has a triple point. Hence it is a cone (see Remark 5.5).
Concerning the cardinality of Y ðqÞ we only know the following very easy
observations.
Proposition 5.12. Let Y  P3 be a geometrically irreducible cubic
surface defined over GFðqÞ. Assume SingðY ÞðqÞ=1 and fix P 2 SingðY ÞðqÞ.
Assume that Y ðKÞ is not a cone with vertex P. Let s 0 be the number of lines
contained in Y , containing P and defined over GFðqÞ and w the number of lines
defined over GFðqÞ and with intersection multiplicity of at least 3 with Y at P .
If s ¼ 0 we have cardðY ðqÞÞ ¼ 1þ qðq2 þ qþ 1Þ. If s > 0 we have
cardðY ðqÞÞ ¼ q2 þ qþ 1 sþ 1þ sq w.
Proof. Take a plane M  P3 deﬁned over GFðqÞ. For every Q 2 MðqÞ
the line hP ;Qi is deﬁned over GFðqÞ and contains P . Either hP ;Qi has
intersection multiplicity of 3 with Y at P or it intersects Y exactly at another
point, A, and A is deﬁned over GFðqÞ. Conversely, for every line D deﬁned
over GFðqÞ and containing P there is a unique point Q 2 MðqÞ with
D ¼ hP ;Qi. Hence for each A 2 Y ðqÞ with A=P there is a unique Q 2 MðqÞ
with hP ;Qi ¼ hP ;Ai. Among these q2 þ qþ 1 lines deﬁned over GFðqÞ
exactly s of them are contained in Y and w of them intersect Y only at P . &
Remark 5.13. Let Y  P3 be a cubic cone with vertex P 2 PGð3; qÞ and
as base a (perhaps reducible and even with multiple components) curve A
deﬁned over GFðqÞ. Then cardðY ðqÞÞ ¼ 1þ qðcardðAðqÞÞ.
Proposition 5.14. Assume q 7. Let Y  P4 be a geometrically
smooth cubic hypersurface defined over GFðqÞ. Then the pair ðY ; Y ðqÞÞ
satisfies FFNð½q=3Þ.
Proof. For any P 2 Y ðqÞ let cðP Þ (resp. sðP Þ) be the number of Q 2 Y ðqÞ
(resp. Q 2 Y ðKÞ) such that TQY ¼ TPY . By the ﬁniteness of the Gauss map of
a smooth projective variety proved by Zak [l2, Theorem 1.7] no hyperplane
of Pn is tangent to Y along a curve. Hence cðP Þ and sðP Þ are well-deﬁned
positive integers for every P . Consider the following equivalence relation
on the set Y ðqÞ : P  Q if and only if TQY ¼ TPY . The equivalence class of
P has cðP Þ elements. By Remark 5.5 we have sðP Þ 
 4 for every P and hence
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 4 for every P 2 Y ðqÞ. For every P 2 Y ðqÞ apply 5.9 to TPY \ Y ; note
that P 2 ðSingððTPY \ Y ÞðKÞ \ ðTPY \ Y ÞðqÞÞ. We need to exclude the points,
P , such that ðTPY \ Y ÞðKÞ is a cone. If P ; Q 2 Y with P=Q; TQY=TPY and
both ðTPY \ Y ÞðKÞ and ðTQY \ Y ÞðKÞ are cones, then it is easy to check that
Y ðKÞ contains inﬁnitely many planes and even that it is a cone with ðTPY \
TQY \ Y ÞðKÞ as base and with the line hP ;Qi as vertex. Hence, this case may
occur for at most one P 2 Y . By Lemma 5.1 to prove that ðY ; Y ðqÞÞ satisﬁes
FFNð½q=3Þ it is sufﬁcient to prove that Y ðqÞ=  has at least ½q=3 þ 2
elements. Since cðP Þ 
 4, it is sufﬁcient to have cardðY ðqÞÞ  4½q=3 þ 7. At
the end of 5.5 we proved that cardððTPY \ Y ÞðqÞÞ  2q and hence the proof
is over. &
Proof of Theorem 1.3. By Lemma 5.1 it is sufﬁcient to ﬁnd ½q=3 þ 1
hyperplanes, H , deﬁned over GFðqÞ, with Y \ H without multiple
components and such that each pair ðY \ H ; ðY \ H ÞðqÞÞ satisﬁes
FFNð½q=3Þ. If H is any hyperplane deﬁned over GFðqÞ such that ðY \ H Þ 
ðKÞ has at most ﬁnitely many singular points, then the pair ðY \ H ; ðY \
H ÞðqÞÞ satisﬁes FFNð½q=3Þ. By the reﬁned form of Zak’s Tangency Theorem
given in [12, Theorem 1.7], the scheme ðY \ H ÞðKÞ has at most ﬁnitely many
singular points for any hyperplane H with H \ ðSingðY ÞðKÞÞ ¼1. For any
such H the pair ðY \ H ; ðY \ H ÞðqÞÞ satisﬁes FFNð½q=3Þ; indeed, if n ¼ 4 we
use 5.9 while for n 5 we use induction on n. Now we give an upper bound
for the integer cardðSingðY ðKÞÞ. Fix homogeneous coordinates x0; . . . ; xn of
PGðn; qÞ and let f ðx0; . . . ; xnÞ be an equation of Y . SingðY ðKÞÞ ¼
fP 2 PnðKÞ:f ðP Þ ¼ @f=@x0ðP Þ ¼    ¼ @f=@xn ¼ 0g. If p=3, by Euler’s
relation we have SingðY ðKÞÞ ¼ fP 2 PnðKÞ: @f=@x0ðP Þ ¼    ¼ @f=@xn ¼ 0g.
Since by assumption cardðSingðY ðKÞÞ is ﬁnite we may apply a form
of Bezout theorem and obtain cardðSingðY ðKÞÞ 
 3:2n1 if p ¼ 3 and
cardðSingðY ðKÞÞ 
 2n if p=3 ([4, 8.4.7]). There are ðqnþ1  1Þ=ðq 1Þ
hyperplanes of Pn deﬁned over GFðqÞ. For each P 2 PnðKÞ there are at
most ðqn  1Þ=ðq 1Þ hyperplanes containing P and deﬁned over GFðqÞ; we
stress that we do not assume P 2 PGðn; qÞ; if P 2 PGðn; qtÞ PGðn; qt1Þ for
some integer t 2, then every hyperplane deﬁned over GFðqÞ containing P
must contain also the conjugates of P for the action of the Galois group
Gﬃ Z=tZ of the extension GFðqtÞ=GFðqÞ and hence the number of
such hyperplanes is much smaller. Since ðqnþ1  1Þ=ðq 1Þ  2nðqn  1Þ=
ðq 1Þ  ½q=3 þ 1 if q 2n þ 2, we obtain the case p=3 of Theorem 1.3.
The case p ¼ 3 is similar.
Example 5.16. Fix an integer n 3 and a linear subspace V of Pn with
dimðV Þ ¼ n 2 and V deﬁned over GFðqÞ. Take a plane M  Pn deﬁned
over GFðqÞ and with V \M ¼1 and an irreducible plane cubic C  M
deﬁned over GFðqÞ. Let Y  Pn be the cone with V as vertex and C as base.
Thus Y is a geometrically integral cubic hypersurface deﬁned over GFðqÞ. If
CUBIC QUARTIC HYPERSURFACES 569the pair ðY ; Y ðqÞÞ satisﬁes FFNðkÞ, then the pair ðC;CðqÞÞ satisﬁes FFNðkÞ.
The pair ðC;CðqÞÞ satisﬁes FFNð½q=2Þ (but never FFNð½q=2 þ 2ÞÞ if C is
singular. If C is smooth, then jcardðCðqÞÞ  q 1j 
 2q1=2 (Hasse–Weil
theorem). By Riemann–Roch for any subset S of CðKÞ with cardðSÞ 

3k  1 there is a degree k plane curve A not containing C but with
S  C \ A. Thus, we see that quite often the pair ðY ; Y ðqÞÞ does not have
property ½q=2.
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